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Addition and subtraction Overview Addition and subtraction Overview
N

Arithmetic

Arithmetic/logic operations

o Shift left

o Fast, multiplication by two © Number systems review
o Shift right o Adders

o Fast, division by two o Multipliers
o Bit-wise operations o Memory overview

o AND, OR, NOT, NAND, NOR, XOR, and XNOR
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Addition and subtraction

Addition and subtraction Overview
Number

Number systems
Add

Arithmetic circuits Number systems

o Administration

o Number systems o Representation of positive numbers same in most systems
o Adders o A few special-purpose alternatives exist, e.g., Gray code
o Ripple carry o Alternatives exist for signed numbers

o Carry lookahead
o Carry select
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Addition and subtraction

nber systems

Unsigned addition

e 1111
13 (d)
Consider adding 9 (1001) and 3 (0011)
12(¢) [ 1100 3 11
1 001
11 (p) \ 101" 4 + 00 1 1
1100
Why an extra column?
10 (a)
8 7
Given an n-bit number in which d; is the ith digit, the number is

N oilg.
iz127d,
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Addition and subtraction

Overflow

o If the result of an operation can't be represented in the available
number of bits, an overflow occurs

e E.g., 0110 + 1011 = 10001
o Need to detect overflow
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Addition and subtraction )

Number systems
\dd;

Gray code

o To convert from a standard binary number to a Gray code
number XOR the number by it's half (right-shift it)

o To convert from a Gray code number to a standard binary
number, XOR each binary digit with the parity of the higher digits

Given that a number contains n digits and each digit, dj, contributes
2= to the number

Pf=di®djy1- ®de1
di=d; &P,y

Robert Dick Advanced Digital Logic Design

Addition and subtraction

Signed number systems

o Three major schemes

o Sign and magnitude
o One's complement
o Two's complement
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Sign and magnitude
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Addition and subtraction

Gray code
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Addition and subtraction

Number systems
Adde

o Converting from Gray code to standard binary is difficult
o Take time approximately proportional to n

o Doing standard arithmetic operations using Gray coded numbers
is difficult

o Generally slower than using standard binary representation

o E.g., addition requires two carries
o Why use Gray coded numbers?

o Analog to digital conversion
o Reduced bus switching activity
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Addition and subtraction

Number systems
Add

Number system assumptions

o Four-bit machine word
@ 16 values can be represented
o Approximately half are positive

o Approximately half are negative
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Addition and subtraction

nber systems

Sign and magnitude

o d, represents sign
o 0 is positive, 1 is negative

@ Two representations for zero

o What is the range for such numbers?
o Range: [-2""1 41,271 —1]
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Addition and subtraction Addition and subtraction

r systems

and magnitude and magnitude

o How is addition done? o Consider 5+ —6
o If both numbers have the same sign, add them like unsigned o Note that signs differ

numbers and preserve sign o Use magnitude comparison to determine large magnitude: 6 — 5
o If numbers have differing signs, subtract smaller magnitude from o Subtract smaller magnitude from larger magnitude: 1

larger magnitude and use sign of large magnitude number o Use sign of large magnitude number: —1
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Addition and subtraction ) Addition and subtraction

Number systems
\dd;

Number systems
Adde

Direct subtraction

One's compliment

Consider subtracting 5 (0101) from 6 (0110)

b
01 1 0
- 0 1 01
00 01

o Note that this operation is different from addition

o Sign and magnitude addition is complicated

-7 7
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Addition and subtraction Addition and subtraction

Number systems
Add

One's complement addition

One's compliment

o If negative, complement all bits Consider adding -5 (1010) and 7 (0111)
o Addition somewhat simplified 11 1 1
o Do standard addition except wrap around carry back to the Oth 1 0 1 0
bit + 0 1 1 1
o Potentially requires two additions of the whole width 0 0 01 10
o Slow
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Addition and subtraction Addition and subtraction

nber systems

Two's complement

Two's complem

o To negate a number, invert all its bits and add 1

o Like one's complement, however, rotated by one bit

o Counter-intuitive
o However, has some excellent properties

-8 7
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Addition and subtraction

Number systems
\dd;

Two's complement

@ Only one zero
o Leads to more natural comparisons

o One more negative than positive number
o This difference is irrelevant as n increases

o Substantial advantage — Addition is easy!
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Addition and subtraction )

Number systems
\dd;

Two's complement

o No looped carry — Only one addition necessary

o If carry-in to most-significant bit # carry-out to most-significant
bit, overflow occurs

o What does this represent?
o Both operands positive and have carry-in to sign bit
o Both operands negative and don't have carry-in to sign bit
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Addition and subtraction vervie
Number systems

Adders

Half adder review

For two's complement, don't need subtracter

cout = AB
sum=A&B
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Addition and subtraction

Full adder review

Need to deal with carry-in

A B cin | cout sum
0 0 O 0 0
0 0 1 0 1
0 1 0 0 1
0o 1 1 1 0
1 0 O 0 1
1 0 1 1 0
1 1 0 1 0
1 1 1 1 1
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Addition and subtraction vervie
umber systems
\dd;

Two's complement addition

Consider adding -4 (1100) and 6 (0110)

1 1
1100
+ 0 1 1 0
00 1 0
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Addition and subtraction

mber systems
de

Two's complement overflow

a b cin | cout
00 O 0
0 0 1 0
01 0 0
01 1 1
1 0 0 0
1 0 1 1
11 0 1
11 1 1
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Addition and subtraction vervie
Jumber system

Adders

Half adder review

A ! ) coul
B AN
=) >——sum
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Addition and subtraction

Adders

Full adder

sum=A® B® cin
cout=AB+Aci+ B ci
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Addition and subtraction Addition and subtraction
imber systems
Adders

Cascaded full-adders Full adder standard implementation

| | | | | | . =3
A B A B A B ) .« co
—cout cin cout cin cout cinf— a D— .
sum sum sum B:l )
l l l Six logic gates
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Addition and subtraction

Addition and subtraction vervie
Number
Adders

Number systems

Adders
Full adder composed of half-adders Adder/subtracter
A3 Blﬁiiﬁ A2 BIEE|2 A\ B|1_T1 AD BIDF)
AeB AeBaClI Sel Sel Sel
A —= Hait S ™ Half Sf————*S m—‘ . . et
Cl(A@B
B Adder. | AB Adder | CI (A ® B) A3 ] 1 v
Cl L
. co sum sum sum sum
SG SZ S! SD
AB+ci(A®B)=AB+Bci+Adi Q
Overflow
Consider input to cin
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Addition and subtraction vervie Addition and subtraction vervie
Jumber system

Adders

Number systems

Adders

Ripple-carry delay analysis Carry lookahead adder

o The critical path (to cout) is two gate delays per stage

o Consider adding two 32-bit numbers o Carry generate: G = AB

o 64 gate delays
o Too slow! o Represent sum and cout in terms of G and P

o Carry propagate: P=A@ B

o Consider faster alternatives
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Addition and subtraction Addition and subtraction

Adders

Carry lookahead adder Carry lookahead adder

sum=A® B & cin Flatten carry equations
=P®cin ciny = Gog + Py cing

cinp = Gy + Py ciny = Gy + Py Gy + P1Pq cing

cing = Gy + Py cing = Gy + Py Gy + PaPy Gy + P2P1 Py cing

cing = Gz + P3G = G3 + P3Gy + P3P2Gi+

cout = AB + A cin+ B cin
= AB + cin(A+ B)

=AB + cin(A® B) P3PyPyGo + P3P2Py Py cimg
=G+cin P

Each cin can be implemented in three-level logic

Robert Dick Advanced Digital Logic Design 44 Robert Dick Advanced Digital Logic Design




Addition and subtraction v Addition and subtraction

Carry lookahead adder

. CO- CO- C0:
Ai . PU@CI PO PO
. Pi 1 gate delay Go Pl Pl

P2 P2
Bi /. G0 P3
. co n it
Gi Si 2 gate delays Po P2
/ gl c3  P3
(l;’:) c2 2 Gl
P2
G2 P3
Gi 1 gate delay al o c
G3-
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Addition and subtraction vervie Addition and subt Overvie
Numbey s Jumber systems

Adders Adders

Carry lookahead delay analysis Carry lookahead

o No carry chain slowing down computation of most-significant bit

o Computation in parallel
o Assume a 4-stage adder with CLA

o Propagate and generate signals available after 1 gate delays

@ More area required
o Each bit has more complicated logic than the last
o Therefore, limited bit width for this type of adder

o Can chain multiple carry lookahead adders to do wide additions

o Carry signals for slices 1 to 4 available after 3 gate delays

o Sum signal for slices 1 to 4 after 4 gate delays

o Note that even this chain can be accelerated with lookahead
o Use internal and external carry lookahead units
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Addition 3 Overvie
Jumber system

Adders

Addition and subt vervie

Number

Adders

Cascaded carry lookahead adder

Delay analysis for cascaded carry lookahead

. o Four-stage 16-bit adder

@0 o cin for MSB available after five gate delays
o sum for MSB available after eight gate delays
o 16-bit ripple-carry adder takes 32 gate delays
o Note that not all gate delays are equivalent

kK Lookahead Carry Unit w0 cao G ;0 o Depends on wiring, driven load
165 Jas o However, carry lookahead is usually much faster than ripple-carry
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Addition and subt Overvie Addition and subtraction Overvie:
Jumber

Adders

Number systems

Adders

Carry select adders Carry select adder

Cq ' 0
4-Bit Adder Adder
. 7:4] ¢ Low
o Trade even more hardware for faster carry propagation
o Break a ripple carry adder into two chunks, low and high C, o [ [ [ [
. - - 1
o Implement two high versions ¢ 4‘3‘[‘73?"9’ — Aﬂfger"
o highy computes the result if the carry-out from Jow is 0 ]
o high; computes the result if the carry-out from Jow is 1 TTTTTTT1
o Use a MUX to select a result once the carry-out of low is known TOpTopT ofT 0 c, 4-Bit Adder Cy
. N . . ' . o o~
o highy's cout is never greater than high,'s cout so special-case MUX| MUX MUX | MUX [3:01
MUX can be used ‘speci
pecial-case
2:1 MUX 1 l l l l L l L
CB S7 SG S5 S4 SB SZ S| SU
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Addition and subtraction vervie
Number system: Multiplication
Adders

Delay analysis of carry select adder Arithmetic operations

o Consider 8-bit adder divided into 4-bit stages o Digital logic circuits frequently need to carry out arithmetic
operations

o Each 4-bit stage uses carry lookahead o Addition, subtraction, and multiplication

© The 2:1 MUX adds two gate delays o A number of design decisions affect the performance, area, and

o 8-bit sum computed after 6 gate delays power consumption of arithmetic sub-circuits
o 7 gate delays for carry lookahead o Number systems
o 16 gate delays for ripple carry o Trade-off between area/power consumption and speed
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Multiplication Multiplication

Multiplication Multiplication

o To understand why these trade-offs exist, we need to understand o Multiplication is the repeated application addition of ANDed bits
the fundamentals of arithmetic circuits and shifting (multiplying by two)

@ We have already discussed the selection of number systems and o Multiplication is the sum of the products of each bit of one
the design of adders/subtracters operand with the other operand

o Similar alternatives exist for multipliers o Consequence: A product has double the width of its operands
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Multiplication Multiplication

Multiplication Multiplication

Recall that multiplying a number by two shifts it to the left one bit

6-3=6-(22-0+2'-14+20.1) Az Ay Ao
=6-22.04+6-2-1+46-20-1 x B B &
A:By A1By  AoBo
110-011 =11000-0+1100-1+110-1 AB AIBi AgBi
=110 + 1100 + AB>  A1By AgB»
= 10010 sums  sumg Sums  sump  sumy  Sumg
=18
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Multiplication Multiplication

Multiplication Multiplier implementation

Consider multiplying 6 (110) by 3 (011) o Direct implementation of this scheme possible
[1) 1 (1) o Partial products formed with ANDs
X 10 o For four bits, 12 adders and 16 gates to form the partial products
11 0 o 88 gates
+ 0 0 0 o Note that the maximum height (number of added bits) is equal
01 0 0 10 to the operand width
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Multiplicatior Multiplication

Combinational multiplier Multiplier building block
Sum In X Cin

A3B; A,B, A;By|A3B, A, By AyB, AgBy|AB, AyBy AOBQ‘AQE AyBy|Ag By

L1 L1 L1 L1 L1 L1 11
(1 Y
FA l HA FA ’—(:'!‘
FA FA A B
Dﬁt: —co Cl
Sy Sy So S

Cout Sum Out
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Multiplication Multiplication

Combinational multiplier Sequential multiplier

A2B0| [A1BO| [ AOBO

o Can iteratively one row of adders to carry out multiplications

A2 Bl Al Bl A0 B1 PO o Advantage: Area reduced to approximately its square root
C T I | S o Disadvantage: Takes n clock cycles, where n is the operand bit
width

A2 B2| |AL B2 | [ A0 B2 P1

E E E
P5 P4 P3 P2
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Multiplication Multiplication

Arithmetic/logic units

L]

2X2 sequential multiplier

Operands already in registers
Adder flip-flops cleared

Operands
Possible to implement functional units that can carry out many
arithmetic and logic operations with little additional area or delay
overhead

L]

Already saw example: Combined adder/subtracter

°

Other operations possible

°

Could you generalize the approach used for two's compliment
addition and subtraction to another pair of operations?
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Multiplication

Arithmetic/logic operations

o Increment

o Addition o Shift left
o Negation o Fast, multiplication by two
o Shift right

o Subtraction
e o Fast, division by two
o Multiplication

o Bit-wise operations
o Slow or large

L o AND, OR, NOT, NAND, NOR, XOR, and XNOR
o Division

o Slow or large
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Multiplication
Homework

Memory types Recommended reading

o ROM, PROM, EPROM, EEPROM: Already know these

© SRAM: Fast, low-density, relies on feedback @ M. Morris Mano and Charles R. Kime. Logic and Computer
o DRAM: Fast, high-density, requires refresh, relies on stored Design Fundamentals. Prentice-Hall, NJ, third edition, 2004
charge o Chapter 9

o Flash: Already know these — Non-volatile, slow, relies on floating
gate
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